Transitional dynamics in growth models have been subject to much attention recently. With a few exceptions, existing studies rely on computational techniques. This paper uses a set of examples to illustrate that qualitative insights on the transitional dynamics can be gained at the expense of using special utility-production pairs. In continuous time framework, necessary and sufficient conditions are established for a utility-production pair to yield explicit dynamics. These conditions are potentially useful for applications in other dynamic settings. * Danyang Xie: International Monetary Fund. I thank Jess Benhabib, Reza Vaez-Zadeh and Heng-fu Zou for discussions and comments. The views expressed here are those of the author and do not necessarily represent those of the IMF.
Introduction
In growth models, the equilibrium allocation is characterized by a system of differential or difference equations in state and co-state variables constrained by a set of initial and transversality conditions. Furthermore, if the models are in infinite horizon, the transversality conditions are in limit form, which is hard to deal with when computing the transitional dynamics, namely, the transitional trajectory to a steady state or a balanced growth path..
If the modelled economies are shown to have a unique stable steady state, computation of the transitional path is reasonably straightforward. First, we solve for the steady state. Then the system of equations is linearized around the steady state. Finally, the linearized system can be solved using standard softwares. This routine shall provide decent approximation of the transitional dynamics when the initial state variables are close to the steady state. Multiple shooting and backward shooting methods are also used on some occasions.
If the modelled economies are shown to have a unique balanced growth path, Mulligan and Sala-i-Martin (1993) suggests that we transform the variables into "state-like" and "control-like" variables which converge to a steady state. The transformed system of equations can then be solved as described above.
The numerical procedures outlined above are powerful when conducting a simulation exercise, but they are not without limitations. Qualitative details are usually buried in the computational complexities.
In this paper, we highlight the alternative method in studying transitional dynamics: namely the explicit dynamics method. This method makes use of utility-production pairs (henceforth U-P pairs) that allow for explicit transitional dynamics. Its limitation lies in that certain restrictions are put on the utility and production functions; these restrictions may not be consistent with the real economy and hence should be discarded when simulation is the purpose. The benefit of using the U-P pairs is that qualitative results are seen explicitly and therefore provide guidance for simulation and estimation.
Explicit dynamics method is employed in Long and Plosser (1983) and McCallum (1989) in stochastic discrete time framework to analyze real business cycles. The U-P pair used there is the now familiar log utility and Cobb-Douglas production function. Benhabib and Rustichini (1994) finds that the pair of log utility and Cobb-Douglas production function can be extended to a class of CES utility and CES production function with a common parameter. In deterministic continuous time framework, Xie (1991) uses a class of U-P pairs to show that with externality in production, growth rate can increase over time and approach an upper bound which depends on preference and technology parameters. With similar U-P pairs, Xie (1994) shows explicitly that the two-sector growth model of Lucas (1988) contains multiple equilibria, and the global transitional dynamics is found to display surprising features (See Figure 1 in Xie (1994) ). In an independent study, Benhabib and Perli (1994) uses local approximation technique to uncover similar characteristics of the Lucas model.
Because the set of papers above uses explicit dynamics method in specific and complex context, the method itself does not receive enough exposure. This paper aims at putting explicit dynamics method into the hands of the researcher who is interested in transitional dynamics.
The rest of the paper is organized as follows. Section 2 deals with discrete time framework. We present a one-sector RBC model and use the U-P pairà la Benhabib and Rustichini (1994) to illustrate the explicit dynamics. Also, a deterministic variant is used to show that chaos can easily arise in the presence of externality. Section 3 deals with continuous time framework. We 
U-P Pairs in Discrete Time Framework
This section contains two models. The first is a one-sector RBC model. The second is a one-sector growth model. In the first model, the U-P pairà la Benhabib and Rustichini (1994) is used to illustrate the explicit dynamics. In the second model, we use log utility and Cobb-Douglas production function with externality to show the possibility of chaos. We see that chaos can arise no matter what value the discount factor assumes.
One-Sector RBC Model
Consider an economy with long-lived representative agent. The preferences of the agent are as follows:
where E t is mathematical expectation conditional on time t information;
β ∈ (0, 1) is the discount factor; θ is the weight on the utility of the single consumption good produced in this economy; 1 − n t+τ is the leisure at time t + τ (the total time available to the representative individual is normalized at unity every period).
The production technology exhibits constant returns to scale in capital k and labor n:
where A t is the technology shock and is assumed to be i.i.d.
Capital accumulation takes the natural form:
where δ is rate of capital depreciation.
If we let u(c) = ln c, v(1 − n) = ln(1 − n), f (k, n) = k α n 1−α and δ = 1, then this model is exactly the one-sector Long and Plosser model reported in McCallum (1989) . The consumption, output, and capital are shown explicitly to display cyclical behavior in response to technology shock. One minor unsatisfactory point is that labor is irresponsive to the shock, which Long and Plosser (1983) explained is due to the special combination of log utility, Cobb-Douglas production function and 100% depreciation.
Benhabib and Rustichini (1994) suggests that the pair of log utility and Cobb-Douglas production function is a special example of the following class of pairs which permits explicit dynamics with 100% depreciation:
and
It is easy to see that log utility and Cobb-Douglas production function is the case with σ = 1. The above class of U-P pairs can be indexed by the common parameter σ.
To see how the special class of U-P pairs allow for explicit dynamics, we write down the Lagrangian for the optimization problem:
The first order conditions are:
These equations hold for any τ ≥ 0.
The transversality condition is given by E t β t+τ λ t+τ k t+τ +1 → 0 as τ → ∞.
Similar to McCallum (1989) , we guess that the solution takes the following form:
Let us denote the unconditional mean of
Then we can easily verify that the above guess
And we have:
To check our calculation, set σ = 1. In this case, π = 1 and
which is identical to (1.19) in McCallum (1989) after making the notations consistent.
We see from equation (10) to (12) that productivity shock, even if it is i.i.d., can generate persistent business fluctuations. In particular, equation (12) says that the employment can be pro-cyclical if σ < 1.
Clearly, it may not be reasonable to assume that the utility and production function share a common parameter σ. But the literature in RBC seems to have used the special pair of σ = 1 without realizing the fact. This exercise seems to suggest, in the light of equation (12), that the existing RBC simulation can be improved upon if we use a log utility function and a CES production function with σ < 1: the employment variation may be raised.
The class of U-P pairs can also be used in variants of the model to generate explicit dynamics. For instance, labor indivisibility described in Rogerson (1984) and used in Hansen (1985) for RBC simulation can be incorporated.
These pairs can also be useful in multi-sector models to simplify the dynamics.
One-Sector Growth Model with Externality: Chaos
Consider a representative individual's utility maximization problem:
where B(k t ) captures the external effect withk t representing average stock of capital in this economy. This is a model that uses log utility and Cobb-Douglas production function. We will see that the presence of externality does not jeopardize the nature of explicit dynamics. Again, 100% depreciation is assumed.
The first order conditions can be written as follows:
The transversality condition is:
The solution in this model is very much similar to the one in previous model, namely we have:
Note that the above derivation does not require any specification for
captures the positive effect considered in endogenous growth literature such as Romer (1986) and Lucas (1988) . The other term (1 −k t )
captures the negative effect such as pollution or congestion considered in Day (1982) . Then equation (14) becomes:
where the equilibrium conditionk t = k t has been substituted in.
Equation (15) 
Continuous Time Framework
Now we turn to continuous time framework. Let us use the following standard one-sector growth model as illustration:
Write down the Hamiltonian,
The transversality condition is λke −ρt → 0 as t → ∞.
Let us use CES utility function and production function:
and f (k) = Ak β with β ∈ (0, 1).
Then we find thatċ
Clearly, if σ = β ∈ (0, 1), equation (21) is much simplified. Indeed in this case, we find the obvious solution:
which is the only solution that satisfies the transversality condition. As a result, the evolution of capital becomes: This class of U-P pairs still permits explicit dynamics when the production function is modified to include externality or other productive factors.
As a result, it has a number of applications. In one of these applications, Xie (1991) shows that in the presence of positive externality, growth rate of capital can increase over time and approach an upper bound that depends on preference and technological parameters in an intuitive way. In another application, Xie (1994) shows that the two-sector growth model of Lucas (1988) contains multiple equilibria; furthermore, it shows explicitly that the transitional dynamics conjectured by Lucas is incorrect.
More on Continuous Time Framework
In this section, we give a complete characterization of the U-P pairs in the continuous time one-sector growth model that allow for closed form solution.
By closed form solution, we mean that the solution has the form c = g(k),
with g(.) as a known function. For convenience, in the following discussion, we assume zero percent depreciation δ = 0.
Propositions
Proposition 1: Let utility function be given by u(c). There is a closed form solution c = g(k) if and only if the production function belongs to the following class:
and that the transversality condition is satisfied.
Proof. For the "necessary" part, suppose that there is closed form solution c = g(k). The first order conditions (16)-(18) (note that we assume δ = 0) yield u 00 (g(k)) u 0 (g(k))
Rearranging terms we obtain u 0 (g(k))f 0 (k) + u 00 (g(k))g 0 (k)f(k) = ρu 0 (g(k)) + u 00 (g(k))g 0 (k)g(k)
The left-hand side is the derivative of u 0 (g(k))f(k) with respect to k. Thus, taking integral of both sides, we have:
From this equation we get:
Furthermore, the transversality condition has to be satisfied.
For the "sufficient" part, it is easy to verify that if f (k) can be written as in equation (24) with a known function g(.), then c = g(k) coupled witḣ k = f (k) − g(k) satisfies all the first order conditions. If furthermore, the transversality condition is satisfied, then c = g(k) is the optimal consumption rule. Hence, the solution is in closed form. 
and that the transversality condition is satisfied. In equation (25), h(.) = g −1 (.).
Proof. For the "necessary part", suppose that there is closed form solution c = g(k). By the definition of h(.), we have k = h(c). Thus,k = h 0 (c)ċ.
Combining this with the first order conditions (16)- (18) yields
Rearranging terms we obtain:
Taking an integral from both sides of equation (27) and further calculating, we arrive:
Therefore, u(c) must belong to the class given by equation (25) . In order to be sure that c = g(k) is the solution, the transversality condition must be verified.
For the "sufficient" part, suppose the utility function can be written as in (25) for some explicit function h(c). Let g(.) = h −1 (.). To show that c = g(k)
is the optimal consumption rule, we reverse the above process to verify that all the first order conditions are satisfied. Since the transversality condition is also satisfied, we have shown that c = g(k) is optimal and in closed form.
Proposition 1 and 2 can be used to find U-P pairs that permit closed form solution. We shall use a few examples to demonstrate the usefulness of these results. σ) and suppose we want a closed form solution c = γk with γ constant. In the language of Proposition 1, g(k) = γk. The appropriate production function is given by equation (24):
Examples
where J is any constant. Note that when γ = [ρ + (1 − σ)δ]/σ, the formula above yields f(k) = Ak σ −δk, which is exactly the case we discussed in detail in Section 3. The transversality condition is easily verified for 0 < σ < 1 because the capital k approaches a steady state and so does the consumption c. implies that the production function must be of the following form:
where J is any constant. The simplest member in the above class is the one with J = 0. In this case,
which behaves nicely as a production function except that f(0) 6 = 0. To make sure that c = 2(ρk) 1/2 is the solution, we need to check the transversality conditions. Note thatk = f (k) − c = 1/2 − (ρk) 1/2 . k converges to a steady state and obviously so does c. Hence the transversality condition is satisfied. says that we need the following function to make c = g(k) optimal:
with J an arbitrary constant. For instance, when we set J = 0, we get a rather simple concave production function f (k) = γ ln k + ρk/(1 − γ) + 1 provided that γ is in the interval (0, 1). To verify that c = γ ln k is indeed optimal in this case, again we need to check the transversality condition. In fact, from the following first order conditions Warning: Example 3 shows that after deriving the production function, we need to verify the transversality condition to make sure that the consumption rule is indeed optimal for the utility and production pair.
Remark: In Example 3, we can verify that for any arbitrary constant J, the utility-production pair will violate the transversality condition if c = γ ln k. Therefore, we can conclude that when u(c) = −e −c , there exists no production function such that the optimal consumption rule has the form: c = γ ln k.
Continuous Time Stochastic Models
In Rebelo and Xie (1998), we gave examples of explicit solutions in stochastic monetary models with continuous time. Again, the examples made use of the U-P pairs described in the last section. We showed that with inelastic labor supply, a constant nominal interest rate (it does not necessarily have to be zero) is optimal in a monetary model.
In this section, I would like to point out the same U-P pairs can also yield explicit dynamics in a model with capitalist spirit (see discrete time model of Zou (1994) and continuous time AK model of Gong and Zou (1998) ).
Additively Separable Utility Function
where dz is an increment of standard Wiener process. Note that k is included in the objective function to capture the idea of capitalist spirit. We show below that when α = σ ∈ (0, 1), there will be an explicit solution and we can then draw some qualitative conclusions for this model.
The Hamilton-Jacobi-Bellman equation for this problem is,
We conjecture that the value function takes the following form:
If α = σ − γ, then our conjecture is confirmed if the coefficients satisfy:
An increase in γ leads to a lower b. Thus, consumption will be a lower proportion of capital. Growth rate is higher. This is consistent with the result in the case with additively separable utility function.
An increase in ε increases b and lowers savings. This simply says that with multiplicatively separable utility function, the precautionary saving motive is stronger than the disincentive to invest. Again, this qualitative result has to be attached with a qualifier: α = σ − γ.
Conclusion
In this paper, we highlight the U-P pairs that permit explicit dynamics in growth models. Both the discrete time case and the continuous time case are treated. We point out the similarities and differences in the two frameworks.
Although the study is conducted in one-sector model, similar usage of the U- We hope that the results presented here about the U-P pairs lead to their more frequent application in a variety of context to obtain qualitative insights that provide guidance for simulation and estimation.
